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We demonstrate that there exist stationary states of Bose-Einstein condensates in an optical lattice
that do not satisfy the usual Bloch periodicity condition. Using the discrete model appropriate to
the tight-binding limit we determine energy bands for period-doubled states in a one-dimensional
lattice. In a complementary approach we calculate the band structure from the Gross-Pitaevskii
equation, considering both states of the usual Bloch form and states which have the Bloch form for
a period equal to twice that of the optical lattice. We show that the onset of dynamical instability
of states of the usual Bloch form coincides with the occurrence of period-doubled states with the
same energy. The period-doubled states are shown to be related to periodic trains of solitons.
PACS numbers: 03.75.Kk,03.75.Lm,05.45.Yv
The properties of Bose-Einstein-condensed atoms in an
optical lattice have been under intense investigation dur-
ing the past few years. Some of the highlights include the
observation of Josephson oscillations [1], Landau-Zener
tunneling [2] and the quantum phase transition from a su-
perfluid to a Mott insulator state [3]. On the theoretical
side it has been found that the interaction between par-
ticles has dramatic effects on the band structure. When
the interparticle interaction becomes sufficiently strong,
“swallow tails” appear in the band structure of a one-
dimensional lattice, both at the boundary of the Brillouin
zone and at the zone center [4–7].
So far, theoretical considerations have focused on solu-
tions to the Gross-Pitaevskii equation obeying the usual
Bloch condition. For a one-dimensional (1D) lattice po-
tential this implies that the condensate wave function ψ
has the form ψ(x) = exp(ikx)f(x), where f(x) is a pe-
riodic function with the same period, d, as that of the
optical lattice, f(x + d) = f(x). In this paper we show
that there exist stationary states with periods equal to
a multiple of the lattice period, and that dynamical in-
stability of the usual Bloch states sets in when there is a
period-doubled state of the same energy and wave num-
ber.
First, we consider the case when the potential wells of
the optical lattice are sufficiently deep that only a single
orbital at each site need be considered. We shall fur-
ther assume that the total number of particles on each
site is sufficiently large and the tunneling strength suffi-
ciently small that a mean-field Gross-Pitaevskii approach
may be applied in which the complex amplitude of the
condensate wave function on one site is influenced by
those on neighboring sites. This discrete model was used
in Ref. [8] to predict the breakdown of phase coherence
in a chain of weakly coupled condensates. Within this
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model the condensate wave function ψ is approximated
by a superposition of wave functions Φj localized around
each lattice site j, ψ(r, t) =
∑
j ψj(t)Φj(r). The coeffi-
cients ψj depend on the site, while the wave functions
Φj(r) = Φ(r − rj) are assumed to be identical in form
and normalized according to the condition
∫
dr |Φj |2 = 1.
The normalization condition is
∫
dr |ψ|2 = N , where N
is the total number of particles. If in evaluating this con-
dition one neglects the overlap between wave functions
localized at different sites, one finds N =
∑
j Nj , where
Nj = |ψj |2 is the number of particles on site j.
The Hamiltonian for the discrete model is [8]
H = −
∑
j
K(ψ∗jψj+1 + ψjψ
∗
j+1) +
∑
j
1
2
U |ψj |4, (1)
where the first term in (1) describes tunneling between
neighboring sites, K being the hopping parameter. The
second term is the on-site particle interaction, the quan-
tity U = U0
∫
dr|Φj(r)|4 being the interaction energy
between two atoms on the same site. U0 is the effec-
tive interaction between two atoms, given in terms of the
scattering length a by U0 = 4pih¯
2a/m, where m is the
atomic mass.
We consider stationary states with a fixed total number
of particles. These are obtained by requiring that the
variation of H − µN with respect to ψ∗j vanish, where µ
is the chemical potential. This yields
U |ψj |2ψj −K(ψj+1 + ψj−1)− µψj = 0. (2)
In the following we focus on states in which the parti-
cle density is periodic with a period 2p times the lattice
spacing, with p = 0, 1, 2, . . .. To calculate the energy per
particle and the chemical potential we divide the 1D-
lattice into cells, each containing 2p sites. The number
of particles within a cell is denoted by Nc, and ν = Nc/2p
is thus the average particle number per site.
We separate from ψj a part which is a plane wave eval-
uated at the lattice point jd where d is the lattice period,
ψj = eikjdgj . Equation (2) then becomes
U |gj|2gj −Keikdgj+1 −Ke−ikdgj−1 − µgj = 0. (3)
Within the unit cell the complex amplitudes gj = |gj |eiφj
are thus related by the equations (3) with j = 1, 2, . . . , 2p.
The periodicity is imposed by the requirement gj+2p =
gj . The number of particles within the unit cell is given
by
Nc =
2p∑
j=1
|gj |2. (4)
Solutions for p = 0 and 1 can be obtained analytically,
while higher period-doubled states (p = 2 and 3) are
determined numerically.
For p = 0 the equation (3) with the boundary condi-
tions g0 = g1 and g2 = g1 yields U |g1|2 = µ + 2K cos kd.
Since Nc = ν = |g1|2 the chemical potential is
µ = −2K cos kd + Uν, (5)
while the energy per particle, ε, obtained from (1) is
ε = −2K cos kd + 1
2
Uν. (6)
The first term is the usual tight-binding expression for
the energy of a Bloch state for a single particle.
For p = 1 the two equations (3) together with (4) are
solved for g1 and g2 with the boundary conditions g0 = g2
and g3 = g1. Subtracting the two equations (3) we obtain
U(|g1|2 − |g2|2) = 2K(|g2||g1|−1ei(φ2−φ1) −
|g1||g2|−1ei(φ1−φ2)) cos kd. (7)
These equations are similar to those for self-trapped
states of a condensate in a potential with two wells [9].
There is one class of solutions with |g1|2 "= |g2|2. Since
the left hand side of (7) is real, the phase difference
φ1−φ2 must be either 0 or pi. These solutions exist when
| cos kd| ≤ Uν/2K. This condition can always be satis-
fied, no matter how small the strength of the repulsive
interaction U , provided |k| is sufficiently close to pi/2d.
For Uν/2K > 1 the period-doubled states extend over
all of the Brillouin zone. Using the fact that, according
to (4), Nc = |g1|2 + |g2|2 and solving for the magnitudes
|g1| and |g2| we obtain the energy per particle as
ε = 2
K2
Uν
cos2 kd + Uν. (8)
The chemical potential µ = ∂(νε)/∂ν obtained from (8)
is given by µ = 2Uν, which is independent of k. This
independence of k is a special feature for p = 1 only, but
the variations in µ for the states with longer periods are
found to be very small.
There is, however, another class of solutions, since for
|k| = pi/2d, |g1| = |g2| is a solution for arbitrary φ1 − φ2.
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FIG. 1: Energy per particle in units of K as a function of
wave number k for p = 0, 1, 2 and 3 (indicated by labels).
a) Uν/K = 2. b) Uν/K = 6. The p = 1 phase states are
indicated by the solid circle at k = pi/2d.
The energy per particle is ' = Uν/2, which is the same
as that of the usual Bloch state for that wave number.
These states may be constructed from the usual Bloch
states at |k| = pi/2d by shifting the relative phase of
the two sublattices by an arbitrary amount, and we shall
refer to them as phase states. Observe that, while the
particle number is the same on all sites, gj does not sat-
isfy the usual Bloch condition, except for the particular
case when φ1 − φ2 is a multiple of 2pi.
According to (8) the quantity ε/K is a function only
of the dimensionless parameter Uν/K. We exhibit the
energy bands for Uν/K = 2 in Fig. 1a, and for Uν/K = 6
in Fig. 1b. For simplicity we do not show the repetitions
of the p = 0 band with different displacements in k space
that would appear if one were to represent the band in
the reduced zone scheme corresponding to a cell size 2pd.
Note that for Uν/K = 6 (Fig. 1b) the p = 1, 2 and 3
bands are much narrower than the p = 0 band. The
mean energy of the p = 1 band is roughly twice that of
the others, reflecting the fact that for the p = 1 band
the occupancy of every other site is nearly zero when
Uν $ K.
The magnitude of the parameters U and K of the tight-
binding model may be estimated in terms of the parame-
ters of the optical lattice and the magnetic trap under re-
alistic experimental conditions, as explained in Refs. [10]
and [11]. It is convenient to express the energies in terms
of the energy ER = h¯
2pi2/2md2. If the lattice is cre-
ated by oppositely directed laser beams, ER is the recoil
energy, since then d = λ/2, where λ is the wavelength
of the lasers producing the optical lattice. For barrier
heights between 10 ER and 20 ER one finds that the di-
mensionless parameter Uν/K ranges between 1 and 100
for typical densities used experimentally, since the effec-
tive mass, which is inversely proportional to K, increases
strongly with increasing barrier height.
In order to investigate the stability of the solutions we
expand the energy functional (1) to second order in the
deviation δψ from the equilibrium solution ψ0, following
the methods used in Refs. [12], [8] and [7]. The solution
is energetically stable if the second-order term is positive
for all δψ. We insert ψ = ψ0+δψ into (1) with a deviation
of the general form δψj = eikjd(ujeiqjd + v∗j e
−iqjd). The
first order terms vanish since ψ0 satisfies (2).
We first consider the stability of the usual Bloch states
(p = 0). In this case uj and vj are independent of the
site index j. By carrying out the sum over j we obtain
a quadratic form in u and v. The condition for energetic
stability is that all eigenvalues of the matrix B given by
B =
(
Uν +∆ε+ Uν
Uν Uν +∆ε−
)
(9)
are positive. Here ∆ε± = ε(k ± q) − ε(k) where ε(k) is
given by (6). This yields the energetic stability condition
sin kd tankd < Uν/2K.
The condition for dynamical stability of the p = 0
states is that the eigenvalues of the matrix σzB are real.
This further yields the stability criterion cos kd > 0,
which was first derived in [13] and compared with mea-
surements of superfluid current disruption in [14]. An im-
portant observation is that the onset of dynamical insta-
bility of the usual Bloch states occurs at |k| = pi/2d when
the state becomes degenerate with the period-doubled
phase states.
We turn now to period-doubled states with p = 1.
Their stability may be investigated by the methods de-
scribed above, but B is now a 4 × 4 matrix. The ma-
trix is Hermitian and the elements on the diagonal are
of the form U(|g1|2 − |g2|2) and −U(|g1|2 − |g2|2), one of
which is negative. Thus the matrix has negative eigenval-
ues, and the states are energetically unstable. However,
there exist regions where the period-doubled states are
dynamically stable if Uν/K ≥ 2, and these occur for
pi/4d ≤ |k| ≤ 3pi/4d.
Our analysis of the period-doubling phenomena has
so far been based on the discrete model, obtained from
a tight-binding approximation to the Gross-Pitaevskii
equation. Now we consider a continuum model by start-
ing from the full Gross-Pitaevskii energy functional in
the presence of an external potential V (x), given by
V (x) = 2V0 cos
2(pix/d) = V0 cos(2pix/d) + V0. (10)
Apart from a constant term nV0 the functional for the
average energy density, E, is
E =
1
2d
∫ d
−d
dx
[
h¯2
2m
∣∣∣∣dψdx
∣∣∣∣
2
+V0 cos
(
2pix
d
)
|ψ|2 + 1
2
U0|ψ|4
]
, (11)
and the average particle density n is given by
n =
1
2d
∫ d
−d
dx|ψ|2. (12)
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FIG. 2: Energy per particle in units of ER as a function of
wave number k for the lowest bands as obtained from the
wave function (13). The bold curves correspond to spatial
period-doubled states, and the thin curves to the usual Bloch
states (See text).
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FIG. 3: Particle density |ψ(x)|2/n as a function of position for
the lower- (full line) and higher-energy period-doubled states
(dashed line) of Fig. 2a at |k| = pi/2d. Lower panel: The
periodic potential, Eq. (10).
To find solutions of the 1D Gross-Pitaevskii equation
with periods d and 2d we expand the condensate wave
function ψ(x) in plane waves by writing ψ = eikx
√
nf(x),
with
f(x) =
"max∑
"=−"max
a"e
i2pi"x/d, (13)
where + = 0,±1/2,±1,±3/2, . . . . The coefficients a"
satisfy the normalization condition
∑
" |a"|2 = 1. The
stationary states of the system are obtained by demand-
ing that the energy (11) be stationary with respect to
variations in ψ, subject to the condition that the total
number of particles remains constant, as in Ref. [7].
In Fig. 2 we show the band structure of the period-
doubled states (thick lines), which are centered about k =
pi/2d. For comparison, we also show the band structure
for the usual Bloch bands (thin lines). In a reduced zone
scheme with lattice spacing 2d there are two such states
for each wave number k corresponding to energies E(k)
and E(k+pi/d) in the usual representation corresponding
to a lattice spacing d.
A new feature compared to the discrete model is that
the period-doubled phase states of the discrete model
have become a band. For small V0 (Fig. 2a) the two
period-doubled bands are nearly degenerate and both
merge continuously with the usual Bloch band. In the
limit V0 → 0 the period-doubled bands are degener-
ate, and span a non-vanishing range in k-space which
increases with increasing nU0. Figure 2b shows bands for
a stronger lattice potential. In this case only the lower
band merges with the usual Bloch band, and the up-
per period-doubled band is lifted above the usual Bloch
band as was the case in the discrete model. In order to
compare the discrete and continuum models, we may es-
timate an effective value of K by identifying either the
curvatures of the bands at k = 0 or the band widths,
and one finds that Figs. 2b and 1b correspond to similar
physical conditions.
The period-doubled states may be understood in terms
of trains of solitons just as in the case of states at the
upper edge of swallow tails [7]. In the case of period-
doubled states, there is one soliton for every two lattice
spacings. To illustrate this, we show density distributions
for period-doubled states at k = pi/2d in Fig. 3. For the
upper band, dark solitons are centered on every second
lattice site, as we also found in the discrete model, where
|gj |2 = Nc and |gj+1|2 = 0 at k = pi/2d. For the lower
band the dark solitons are centered at every second po-
tential maximum. In the discrete model the lower band
reduces to period-doubled phase states at |k| = pi/2d.
We now consider the dynamical stability of the usual
Bloch states. The wave number at which a condensate
becomes dynamically unstable when accelerated slowly
from rest has been calculated in Refs. [7] and [12] start-
ing from the Gross-Pitaevskii equation (see in particular
Fig. 7 of Ref. [7]). We have carried out numerical calcu-
lations for nU0 and V0 in the range 0-8 ER, and find that
dynamical instability sets in when the Bloch state be-
comes degenerate with the lowest period-doubled state,
just as it did in the discrete model. However, because
the lower band of period-doubled states has a non-zero
range in k in the continuum model, the value of |k| for
instability is larger than pi/2d.
In conclusion, we have demonstrated the existence of
a novel class of states which exhibit period-doubling in
an optical lattice. On the basis of a discrete model ap-
propriate to the tight-binding limit we have identified
states with periods up to 8 times the period of the lat-
tice, and solutions with other periods (such as 3, 5, etc.
times the lattice period) may also occur. More gener-
ally, we have shown how the period-doubled states arise
within the framework of the Gross-Pitaevskii equation.
Solutions of the Gross-Pitaevskii equation with period
4d have been found by D. Diakonov [15].
Experimentally the period-doubled states could be de-
tected by accelerating the condensate to a k-value slightly
greater than the limit of dynamical instability and keep-
ing it at fixed k for some time before allowing the cloud to
expand. Growth of a period-doubled component would
be signaled by the appearance of extra peaks in the in-
terference pattern lying midway between those expected
for a lattice period d.
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